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Conventions

We use SI units. Metric signature is (4, —, —, —). Main reference is [2].

1 Ampere’s law and vector potential

1.1 Basic equations from the Biot-Savart law

The Biot-Savart law for magnetic induction made by a single moving charge is
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so for a charge distribution p(r’) having velocity v(r’) the magnetic induction is a integral over source charges
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where J(r’) = p(r’)v(r') is the current density. With
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where we have used V x J (r') = 0 in the second last line. This means the magnetic induction can be expressed as
curl of a vector potential

B(r) = V x A(r), Mﬂ—w/fﬂ”” (1.8)
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Further, two identities follow from this expression. The first one is
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and the second one, also known as the Ampere’s law, is given by
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For steady-state currents V' - J (r') = 0, we get Ampere’s law

V x B(r) = poJ(r)

To conclude, starting with the Biot-Savart law, we obtain two Maxwell equations for steady-state currents

V-B=0 source-free
V x B(r) = poJ(r) Ampere’s law

1.2 A circular current loop

1.2.1 Setup and the cylindrical way
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Vector potential A circular current loop of radius a carrying a current [ lies in the xy-plane with its center at

the origin.




The current density in cylindrical coordinates is
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where ¢/ = —sin ¢/ + cos ¢'y is the tangential unit vector in the direction of current. Then the vector potential
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We expand the denominator in the integrand using the addition theorem for Bessel functions [3, Eq. (4.32)]
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Plugging this back gives
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where we have used J_p, (x) = (—=1)™J,, (). Since ¢ = — sin ¢x + cos @y,
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we find
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where we have used the recurrence relation of the Bessel functions ([1, Eq. 9.1.27])
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To conclude
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1.2.2 The spherical way
Vector potential The current density of the loop in spherical coordinates is
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where v is the angle between r and r’ given by E]
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wola /%d , (—sin ¢'x + cos ¢'y)
0

A(r)=

am \/r2+a2—2rasin600s(q§—d>’)
o ,ugfa . 47 rl< * /o E /
= /0 dqﬁ( sm¢x+cos¢y ;mZ_ZQH"l l+1Ylm(0 = 2,¢)iﬁm(9,q§)
Mofa
<ﬁj£: i ) P (cos0)
= Mofaéi « P} (0) P} (cos6)
(4 1) pH

Now we evaluate P'(0). Note P/™(z) = (—1)"(1 — 22)™/2L7 py(x),

dx™

Pia) =~ (122" 2 p(a)

From the generating function

I P (x
\/1+t2—2tx lz; e

take a derivative w.r.t. x
0
—_—— t' P/ (
3x\/1+t2—2t:r lz; 3
At x = 0, the left hand side goes to

0 1
0 \/1 412 — 2tz

t
e=0 (1482 —2t2)’?|

_ i (—3/2> 2l _ i (=2) (=3)  (=*%%) ounr

n n!
n=0 n=0

_Z n(2n+ DN Bt D ont1
o ALY

e - D> (37

n=0

'This can be seen from the dot product identity r -’ = rr’ cosy = zz’ + yy’ + 22’ = rr’ [cos@ cos @' + sin O sin §’ cos (¢ — ¢')]

(1.53)

(1.54)

(1.55)

(1.56)

(1.57)

(1.58)

(1.59)

(1.60)

(1.61)

(1.62)

(1.63)

(1.64)

(1.65)

(1.66)



and the right hand side is
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So the vector potential becomes
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Magnetic induction The magnetic induction B =V x A is
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provided that A, = Ag = 0. With Eq. (1.73)
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then
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2 Magnetic multipole expansion

For a localized current distribution J (r’), the vector potential at a point r far away from r’ is
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2.1 Monopole

Note on one hand Stokes theorem gives

/ BV - (1) = / PAR - (1T) = 0 (2.7)
and on the other hand with the Leibniz rule
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po 1 3./ ’
—— [ drJ; =0 2.9
4 |r| i (x') (2.9)
2.2 Dipole
Note
/ @8, (i) = / @ [(Olrt) ¥ Ty + ] (D) Ji + 7 Bl (2.10)
= /d?’r' (rJi + vy + iV - ) (2.11)
=0 (2.12)
then for steady currents
0= /d3r' (rl i +73J;) (2.13)
Now with this identity we may rewrite the integral in the dipole term as
1
e [ ) =y [ ai= gy @ @) (2:14)
1
= =57 /d?’r'eijk (r'xJ), (2.15)

— _% <r x /d3r’r’ X J)i (2.16)
[(3f e a) ] 217

If we define the magnetic moment
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2.3 Force and energy
3 Magnetization

3.1 Theory

The current density in magnetized matter comprises of two parts, conducting currents induced by moving charges
and nuclear moments due to quantum-mechanical effects. Define the magnetization of a chunk of magnetized
matter as

m (r') = dr’*M (r') (3.1)
The vector potential produced by these moments is
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Define the equivalent magnetic surface current density
ju () = —n/ x M (¢) (3.10)
and the equivalent magnetization current
Ju (r') =V x M () (3.11)
Then
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A d’r dA 3.12
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Now the entire magnetic induction is created from both conduction currents and magnetization
V x B = pyg (Jcond + JM) (3.13)

in which J.onq is the conducting currents due to moving charges, and J s are fictitious currents that is an equivalent
description of magnetic field created by nuclear moments in matter. Let H denote the field created only by
conduction currents

V xH = Jeong (3.14)



and call it the magnetic fields, then
VXB:uonH—f-quM:MOvX(H—i-M) (3.15)

which leads to

|B = (H+M)| (3.16)

Ferromagnetic For ferromagnetic material there is a permanent magnetization M, from which we compute the
equivalent magnetization charges and currents, and then we compute B and H from these sources along with any
induction currents present.

Paramagnetic  For permeable matter magnetized by external inductions we first compute H

VxH= MOJconda ygdl -H = cond (317)

then find B from B = pH for linear magnetized materials. The magnetization M is then obtained from the
constitutive relation

B = pH = po (H+ M) (3.18)

3.2 Magnetic scalar potential
In some special cases we may define a magnetic scalar potential ®;; as follows. For example, in current-free region

V x H=Jcona =0 (3.19)

then H can be expressed as the gradient of a scalar potential

H=-Voy (3.20)
The divergence-free equation V - B = 0 leads to
0=V-B=puV-H+M)=pV-:-(=VPy +M) (3.21)
V20 =V-M (3.22)
If we introduce a magnetic charge density
pm=-V-M (3.23)
then @), satisfies Poisson equation
V20, =V -M= —py (3.24)
The general solution is
1 o (1)) 1 / -V -M (')
P = [ &3 =— [ & -7 2
w (x) 477/ r|r—r’| 47 " lr — r/| (3:25)

If there is discontinuity in M (for example, crossing boundaries of a ferromagnetic material) then we need to add
a surface charge term to the magnetic scalar potential

. / o /
By (r) 1 /d37JVM(r)+ 1 55 d@y% (3.26)
v ov

T dr |r — /| 4

where we have introduced an effective magnetic surface-charge density oy = n - M.
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3.3 Boundary conditions on permeable surfaces

On a permeable interface S with permeabilities 1 and po, Ampere’s law gives
%dl -H= cond, L — (Hl — Hg) . t’S = Kcond (3.27)

where t is the tangent on the surface and Kqnq is the conducting current density on the interface. And Gauss’s
law implies

51§d2Aﬁ.B=o — (B;—By) m|g=0 (3.28)

3.4 Examples

Uniformly magnetized cylinder A permanent magnet in the shape of a right circular cylinder coaxial with the
z-axis with its center at the origin. It has radius a and length [, and is permanently magnetized with M = Mz.
There are no conduction currents everywhere, find B at (0,0, z) where |z| > (.

Because there are no conduction currents we may invoke the magnetic potential way with

1 -V -M(r 1 n' - M (r'
Py = / dg?"'iv () + 55 A= o (3.29)
v ov

4w |r —r/| 4 lr —r/|
Inside the cylinder V- M (r') = 0 and on the surfaces at z = +1/2 we have n = +2, so
OM|oeqyjp =0 M(r)[,_yyy = £Mo (3.30)

Then this problem is effectively isomorphic to the electrostatic problem of finding the electric potential due to two
uniformly distributed surface charge disks at z = +1/2.
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That means

1
By = 1 | pipds——2— / pdpd¢— (3.31)
0 \/ﬁ P2+ (2~ 1)
My
_2<\/a2+(z—l) —\/a2+(z+l) +2l> (3.32)
The magnetic field
M —_
H, = 0.0y = 2 B (3.33)

\/a2+(z—l)2 \/a2—|—(z—l)2

and the magnetic induction

M, .y z M,
B, = OH:M02O z _ zZ+ :,u[) 0(
Va2 +(z—1®  \Ja+(z 1)

Rotating dielectric sphere A dielectric sphere with € rotates about the z-axis at rate w in an otherwise constant
electric field E = Egx. Compute H.
The electric potential outside the sphere written in spherical coordinates is

cos 01 + cos b2) (3.34)

0 l
=33 (Awr' + Binr ™) Yign (0,9) (3.35)
=0 m=—1
At infinity
2
li_)m ® (r) = —Egr = —Egrsinf cos ¢ = Egr ; (Y11 —-Y1 ) (3.36)
giving
2m 2m
Al,l = Foy/ —, Al,—l —FEy (337)
3 3
0
B
Doyt (r) = —Eorsinfcosp+ Y —3"Vi 4 (6, 0) (3.38)

m=—1

By
<A11T+>Y11+(

12

1) Vi (3.39)



Inside the sphere

) l
<I>in(r) = Z Z Clmrlyi,m (Ha ¢)

=0 m=-—1

(3.40)

At the boundary r = a, the tangential component of the electric field and the normal component of the electric

displacement are continuous, i.e.,

(Ein - Eout) ' {7} = 07 (Din - Dout) : ﬁ’r:a =0

r=a

with t = 6 and f = #. The continuity of E; gives

. laq)in _ laq)out
r 00 |,._, r 00 |,_,
and the continuity of D,, gives
8(I)in - 8(I)out
— — _60
or |,_, or |,_,
These imply Cy,,, # 0 only if [ =1,m = +1, and
2B
C’l,la = A1716L + Ba12’1 _601,1 = —€o (Al,l - a§’1>
By _ ’
Ci,—1a=A; _1a+ Z’z : —eCy -1 = —¢g (AL—l - 233571)
Solving these equations give
€— € 3 €€
Bi1=—A11d® Bi 4= —A 103520
1,1 1,10 T 20’ 1,—1 1,-16 T 2
3eg 3eo
Ci1=A4A , Ci_1=A4:1_
1,1 Loy 2%, 1,-1 L1 2%,
Then
3eo 3€o .
O, =7 (Cr11)Y11+Cr Y1) =7 (AiaYun +A1 Y1) =— Egrsin 6 cos ¢
€+ 2¢p €+ 2¢g
By Bi,1
Dout = <A1,17“ + r2> Yii+ (Al,lT + 2 Y11
3
. a~ € — €
=-F 0 - — A11Y] A Y _
o7 sin 6 cos ¢ 70264_260( 1Y+ A Y1)
_ 3
= —FEyrsinfcos ¢ + S Ega— sin @ cos ¢
e+2¢ 12
P, = —6_?3’60 Egrsinf cos ¢ .
Doyt = —Eyrsincos ¢ + ;:2630 E % sin 6 cos ¢

The electric field inside

360
E. =
in e+ 260 0
giving the polarization
€— €
(e = <o) e + 2¢ 0

and polarization charge on the surface (inside the sphere because P is uniform so ppo1 = V- P = 0)

Opol = P -1 = 3¢

:;26600 FEysinf cos ¢
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This creates a surface current density

M = opoiwasin 9({5 = 3¢ S waFq sin 0 cos ¢ sin 0({5
€ + 2¢g

(3.55)

which corresponds to an effective magnetization vector M such that jy; = M x n. We deduce that at the surface

M= Mz M =3waecyEy S sin 6 cos ¢
€+ 2¢g

since z X i = sin 9¢2. With this effective magnetization the effective monopole density at the surface

L~ €—€ .
oy = M -1 = 3waeyEy sin 6 cos 6 cos ¢
€+ 2¢g

giving magnetic potential outside (rf. Eq. (3.26))

By — 1/ dQA,O'M( r’) a—23waeoE0 — € /dQ,smt?’ cos ' cos ¢’
4 r —r/| 4m + 2¢p |r —r/|

The integral can be evaluated using the spherical harmonics addition theorem [3]
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From
1 /15 o 1 /15 o
Yo (0,¢') = —5\/ o sin@ cosf'e™’ | Yo _4 (¢, ¢) = 3! / > sin 6’ cos §'e™
we get
i’ —ig’ 2
sin @’ cos @’ cos ¢’ = sin @’ cos 6”% =— 17; (Y2 1 Y2 1)

where the primes denote the primed variables rather than derivative. Then

0’ cos 0’ cos ¢/ 7t
dor S8 LY. (0 / Y sin @ cos 6/ cos g%, (0, ¢/
/S lr —r/| Z Z 2[—1—1 l+1 (0,9) § sin 6’ cos 6’ cos ¢ lm( ,qb)

2
- Z Z 2[ + 1 l+1 Yim (67 (ZS) T5 (5m,—1 - 5m,1) 51,2

47rr 2m
=5 /7 (Ya_1(0,9) — Ya1 (6, 9))
T> 15
4
= ;T3 sin @ cos 6 cos ¢
and
a? ,sm 0 cost cos¢’  a? € — ¢ 4ma?
Dy = E?)waeo 02 260/(1 Iy 47r3waeoEo +260?—sm9608¢9008¢
3 Ey e — 5
weZo €70 @ sin 6 cos 6 cos ¢
5! €+2€0 7‘3

3w€0EO € — € a5

5 €+ 2¢ 5 E

The magnetic field outside

SwegFy € — € 502 —r¥)z . bxyz . 522 — )z |
0Eo 0 [( ) yy+( - )z,

H=-Vdo, =
Ve 5 €4 2¢ r7 r7
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(3.56)

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)

(3.65)

(3.66)

(3.67)

(3.68)

(3.69)

(3.70)



Uniformly magnetized sphere Compute H, B and the vector potential A of a sphere with M = Mz and
radius a. Since there are no induction currents we may use the magnetic scalar potential ®5;. Note the effective
magnetic charge density pps = —V-M =0 and oy =n-M = Myt -z = My cos 0, the scalar potential

1 5., —V' - M(r) §£ 5 B - M(r)
Py (r) = 47r/ d3r g~ + P dA Py (3.71)
M /
L7 2a sime / dg Mocos? (3.72)
47T 0 ’ I"
MOCL2 [%S) l
= /dQ’cos@’Z Z +1 m Vi (0/,¢)) Yim (6, 0) (3.73)

M r , ,
- Oa g Z 2l+1 Yim (0, ¢ li12\/7/dQY10 9,¢)Ylm(9 ¢) (3.74)

Moya? 47 s <
= — 2/ =Y10(0,0) = 3.75
w32\ 300 (3.75)
M, 2
_ e T—?cos@ (3.76)
3 g
So
Morcost 1<
Py (r) = {]\3 v e (3.77)
T Scosh r>a
and the magnetic field inside
M, M
Hiy, = -V&y = -V <30z> =—3 (3.78)
with the constitutive equation B = po (H 4+ M) we have
2
B, — ZpM (3:19)
To conclude
M 2
Hin = -, Bin = */,LoM (380)
3 3
The vector potential is induced by the effective magnetic surface current density jp;y = —n x M and the
magnetization current Jy; =V x M. The former
ju = —h x M = —Myf x 2 = Mysin ¢ (3.81)
and the latter Jp; = V x M = 0 because Mj, is uniform. Then
A. %dAl.]M ( ) /’LOMO %dAl Sln el(b/ /’LOMO /dQ/ Sln 0/ (_ Sln ¢IX + COs ¢/ ) (382)
4 r—r/| 47 v —r/|  4r lr —r/|

The z-component

M e M
A, = Mo o/dg,sme sn}qb _ _Ho O/dQ’sm9’sm¢Z Z 21+1 z+1 Vi, (0/,¢) Yin (0,6)  (3.83)

4w |r — 1’|
= Moi\ﬁa Z zl: 2l4—l7f 1 Cil im ( \/>/d9/ (Y1 + Y1) Vi, (3.84)
1=0 m=—
= —Wg:gi 2:; [Y1,1(0,¢) +Y1,-1(0,9)] (3.85)
= Mof\;foa :—; sin 0 sin ¢ (3.86)
>
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and similarly

Lo Moa? sin® cos¢’  poMyr< .
Ay = 47T/dQ’ T 3 Esm@comﬁ (3.87)
giving
Moa2 Moa? R
A = BOZOT T in 0 (— sin g% + cos o) = | P00 = sin g (3.88)
3 g 3 g

Uniformly magnetized sphere in an otherwise constant B Consider a region of space containing a constant
magnetic induction B = Bpz. Find the magnetization M inside the sphere.

Suppose the magnetization inside the sphere is M. Given that the field equations are linear, the magnetic
induction inside the sphere is the superposition of the induction purely due to magnetization and the external
magnetic induction

2
B, = gqu +B (3.89)
Similarly the magnetic field inside
H, = M, B (3.90)
in — 3 1o .
Now the constitutive relation By, = uHj, gives
2 M B
—uoM + B = -+ — 3.91
JHoM +B = u < 3 T m)) (3.91)
then
3 _
M=>HF"Fg (3.92)
Lo f+ 2p0

Permeable sphere in an otherwise constant B Consider a region of space containing a constant magnetic

field B = Bz

4 Quasi-static fields

4.1 Faraday’s law

Faraday’s law relates time-dependent electric and magnetic fields. It states that the magnetic flux passing an area
S, Fp = [¢d*An - B, induces an electromotive force (emf) £ = §,4dl- E via

5:_@, 55 dl-E:—d/d2Aﬁ-B (4.1)
dt 9s dt Js

Using the Stokes theorem we obtain the differential form of Faraday’s law

0B

E=_22
V x o

4.2 Quasi-static fields in uniform media

The regime where the time variation in electromagnetic fields are not too rapid, such that the finite speed of light
can be approximated as infinite and fields can be treated as they propagate instantaneously, is called quasi-static.
In the following we investigate the diffusion of fields in the quasi-static regime.
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Diffusion equation For a uniform media with uniform field-independent permeability u and conductivity o, the
fields inside obey the equations

B
VxH=J V-B=0, VXE:—%, J=0E (4.3)

where the last one is Ohm’s law. With the constitutive equation B = pH we take a curl of the first equation
Vx(VxH)=VxJ (4.4)

H
V(V-H) -V*H=0V xE = —,uaaa—t (4.5)

This leads to the diffusion equations for the magnetic field and induction

oH 0B
297 _ 2R _
VH—/,LUat, VB—uaat (4.6)

Since B =V x A, taking the Coulomb gauge V - A = 0 yields the diffusion equation for the vector potential

OA
2A = po—— 4.
\Y Ho— (4.7)

Skin depth (JDJ sec. 5.18A) A semi-infinite conductor of uniform conductivity o and permeability p occupies
the space z > 0, with vacuum for z < 0. At the surface z = 0~ a time-dependent but spatially uniform magnetic
field is present, Hy (t,z = 07) = Hpe™!. We seek for a steady-state solution inside this conductor, subject to the
boundary conditions at z = 0Tand z — oo.

At the surface z = 07, since there’s no conducting currents, the tangential component of H is continuous, so
H, (t,z=0") = H, (t,z =07) = Hoe™'. Try the ansatz for steady-state solution

H, (t,2) = h(z)e ™" (4.8)
where, from Eq. (4.6), h(z) satisfies
2
ddf;(;) +ipowh(z) =0 (4.9)

which has solution

h(z) = c1€™ + cpe®® k2 =ipow or k= ,/% (1+14) (4.10)

Call
2
d=4/— (4.11)
oW
the skin depth, we find ‘ ‘
H, (t, Z) _ Cle—z/éez(z/d—wt) + C2ez/éez(—,z/é—cmt) (4.12)

The coefficient ¢; = Hp as Hy (t,z = 07) = Hpe™! and ¢ = 0 since H, (t,z) has to vanish as z — oo, giving the
steady-state solution in the media

H, (t,2) = Hye ?/%e/0=<t) > 5 ¢ (4.13)
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Diffusion of magnetic fields in conducting media (JDJ sec. 5.18B) Two infinite current sheets, parallel
to each other and located at z = —a and z = +a, within an infinite conducting medium of permeability u and
conductivity o. The currents are such that in the region {0 < |z| < a} there is a constant field Hox and zero field
outside. At t = 0 the current is suddenly turned off. We seek for the time-evolution of the magnet field by solving

the diffusion equation.
Taking a Laplace transform of H, (¢, z)

H, (t,z) = / dse ', (s, 2)
0

then a Fourier transform of h(s, z)

hy (s,2) = / d—keikzﬁx(s,kj)

oo 2T

we get

so k? = pos and

where h(k) = hy(s, k) is a shorthand for the Fourier coefficients.
From the initial condition

H, (t=0",z2) = /OO %eikzﬁ(k‘) =Hy[O(z+a) —O(z —a)]

—00

inverse Fourier transform leads to

h(k) = / dze * Hy[O(z + a) — O(z — a)] = Ho/ dze™ % = % sin(ka)

So
o0 _i . ~ H o0 _i ) .
H, (t=0"2) = /_OO %e i e (k) = ;/_oodke ’Zie%kzmk]‘““)
— & </OO dk’eikze_%Sin(ka) + /D dkeikze—]i;Sin(ka)>
s 0 k —50 k
9] ikz —ikz 2, i
_ 2H0/ 2k <e +e ) L sin(ka)
™ 0 2 k
_ 2Hy /°° dkef% cos(kz) sin(ka)
N s 0 k
_H 2/00 dree—vin? €98 (kz/a)sin (k)
- O’/T 0 K

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)
(4.22)

(4.23)
(4.24)

(4.25)

where v =1/ (u0a2) is a characteristic decay rate. This integral can be written in terms of the error function

2 [t 2 [ =
P(¢) = \f/ dze ™ = / dwe 12 20T
m™Jo m™Jo X

(4.26)



We note 1
cos (kz/a)sin (k) = 5 [sin (k (1 + z/a)) +sin (k (1 — z/a))] (4.27)

then

2 /‘X’ dree—vtn? €O (kz/a)sin (k)
0

s K

/oo e (sm (k (1 + 2/a)) +sin (s (1 — Z/G))> (4.28)
0 K

: !/
dile” oz S0

N~ NI~ N~
SRR

S—

2 0 _ vtn'2 1 /
A /0 dr'e” G-=/a? Sm("”] (4.29)
1+z/a 1-— z/aﬂ
s 4.30
2/ vt > < 2V vt ( )

H, (t=0"2) = % {cp <124:/%a> +® (12_\/%“” (4.31)

Diffusion of Magnetic Field Profile Over Time

— — 3| N
KA
7N

The final result is

H_x(t,z)/H_O0
0.8
— t=0.001
0.6 t=0.05
- — t=1
[/'\ —tea
0.4
0.2
1 I Jl L |k. S| L 5
-3 -2 -1 0 1 2 3
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